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We present the Y-formalism for the non-minimal pm'e spinor quantization of super- 
strings. In the framework of this formalism we compute, at the quantum level, the explicit 
form of the compound operators involved in the construction of the b ghost, their normal- 
ordering contributions and the relevant relations among them. We use these results to 
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Moreover we show that this non-minimal b ghost is cohomologically equivalent to the 
non-covariant b ghost. 
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1 Introduction 



Several years ago, a new formalism for the covariant quantization of superstrings was proposed 
by Berkovits [1]. Afterward, it has been recognized that this new formalism not only solves 
the longstanding problem of covariant quantization of the Green-Schwarz (GS) superstring, but 
also it is suitable to deal with problems that appear almost intractable in the Neveu-Schwarz- 
Ramond (NSR) approach, such as those involving space-time fermions and/or backgrounds 
with R-R fields. 

In this approach, the GS superstring action (let us say in the left-moving sector) is replaced 
with a free action for the bosonic coordinates X"" and their fermionic partners 9°" with their 
conjugate momenta plus an action for the bosonic ghosts A" and their conjugate momenta 
uja, where A° satisfy the "pure spinor constraint" Ar"A = 0. The a; — A action looks like a free 
action but is not really free owing to the pure spinor constraint, which is necessary to have 
vanishing central charge and correct level of the Lorentz algebra. This formulation is nowadays 
called "pure spinor formulation of superstrings" and many studies [2] -[24] were devoted to it in 
the recent years. ^ 

Another key ingredient in the pure spinor formulation is provided by the BRST charge 
Q — § X^da where ~ contains the constraints generating a fermionic k symmetry in the 
GS superstring and has the role of a spinorial derivative in superspace. The peculiar feature 
associated with this BRST charge is that Q is nilpotent only when the bosonic spinor A" satisfies 
the pure spinor condition. This peculiar feature is in fact expected since the constraint da ^ 
in the GS approach involves both the first-class and the second-class constraints. Roughly 
speaking, the pure spinor condition is needed to handle the second-class constraint of the GS 
superstring, keeping the Lorentz covariance manifest. 

Since the BRST charge Q is nilpotent, one can define the cohomology and examine its 
physical content. Indeed, it has been shown that the BRST cohomology determines the physical 
spectrum which is equivalent to that of the RNS formalism and that of the GS formalism in 
the light-cone gauge [3]. Moreover, the BRST charge Q of the pure spinor formalism was found 
to be transformed to that of the NSR superstring [4] as well as that of the GS superstring in 
the hght-cone gauge [18, 19]. 

Even if the pure spinor formalism provides a Lorentz-covariant superstring theory with 
manifest space-time supersymmetry even at the quantum level, there are some hidden sources 
of possible violation of Lorentz covariance. 

One of such sources is related to the b field defined by T = {Q, b} with T being the stress- 
energy tensor, which is necessary to compute higher loop amplitudes. Since the pure spinor 
formulation is not derived from a diffeomorphism-invariant action and does not contain the 
b — c ghosts of diffeomorphisms, the usual antighost b is not present in this approach. In [3] a 
compound b field whose BRST variation gives the stress energy tensor, was obtained. However 
this b field is not Lorentz-covariant. 

The same b field follows from an attempt [10] to derive, at the classical level, the pure spinor 

^Alternative formalisms to remove the constraint were proposed in [25, 26]. 
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formulation from a (suitably gauge-fixed and twisted) N — 2 superembedding approach. In this 
approach the b field is the twisted current of one of the two world-sheet (w.s.) supersymmetries 
whereas the integrand of the BRST charge Q is the twisted current of the other supersymmetry, 
suggesting an = 2 topological origin of the pure spinor approach. 

This b field turns out to be proportional to the quantity Y^a — where Va is a constant 
pure spinor, such that by = Y^G" where G"^ is a covariant, spinor-like compound field, so that 
by is not only Lorentz non-covariant but also singular at vX — 0. 

A way to overcome the problem of the non-covariance and singular nature of by was given 
in [14] where a recipe to compute higher loop amplitudes was proposed, in terms of a picture- 
raised b field constructed with the help of suitable covariant fields G", H""^, K^P"^ and L'^l^"'^ 
and some picture-changing operators Z's and Y's. ^ 

Recently, a very interesting formalism called " non- minimal pure spinor formalism" has been 
put forward [27]. In this formalism, a non- minimal set of variables are added to that of the 
(minimal) pure spinor formulation. These non-minimal variables form a BRST quartet and 
have the role of changing the ghost-number anomaly from —8 to +3 without changing the 
central charge and the physical mass spectrum. A remarkable thing is that, in this formalism, 
one can define a Lorentz-covariant b ghost without the need of picture-changing operators. 
With the help of a suitable regulator, a recipe has been given to compute scattering amplitudes 
up to two-loop amphtudes. The OPE's between the relevant operators that result in this 
approach show that the (non-minimal) pure spinor formulation is indeed a hidden, critical, 
N = 2 topological string theory. A significant improvement was obtained in [28]. Here a gauge 
invariant, BRST trivial regularization of the b field is proposed, that allows for a consistent 
prescription to compute amplitudes at any loop. 

A further source of possible non-covariance arises at intermediate steps of calculations, since 
the solution of the pure spinor constraint in terms of independent fields implies the breaking of 
S'O(IO) to U{5). ^ To be more precise, the space of (Euclidean) pure spinors in ten dimensions 
has the geometrical structure of a complex cone Q = "^^Ig^^-* [21]. This space has been studied by 
Nekrasov [29] and the obstructions to its global definition are analyzed. It was shown that the 
obstructions are absent if the tip of the cone is removed. Then this complex cone is covered by 
16 charts, U^°'\ (a) — 1, • • • , 16 and in each chart the local parametrization of the pure spinor, 
which breaks 50(10) to U{5), is taken such that the parameter that describes the generatrix 
of the cone is non-vanishing. This parametrization can be used to compute the relevant OPE's 
[1, 3] (U(5)-formalism). 

In a previous work [30], we have proposed a new formalism named "Y-formalism" for pur- 
poses of handling this unavoidable non-covariance stemming from the pure spinor condition. 
This Y-formalism is closely related to the U (5)-formalism, but has an advantage of treating all 
operators in a unified way without going back to the ?7(5)-decomposition. It is based on writing 

*The picture- lowering operators Yc, which are needed to absorb the zero modes of the ghost A", break the 
Lorentz-covariance but this breaking is BRST trivial and then harmless. 

^In the extended pure spinor formalism [26] , the same non-covariance can be found in the ghost sector where 
the ghosts are invariant under only f/(5) group, but not 5(10) group. 
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the fundamental OPE between uj and A in a form that involves Ya — ^. Strictly speaking, one 
needs 16, orthogonal, constant pure spinors v*^") (and 16 for each chart, such that C/^") 

^) ^ in each chart. However, for our puposes it is sufficient to work in a given chart. 
Actually, it turned out that the Y-formalism is quite useful to find the full expression of h 
ghost [30]. More recently, the Y-formalism was also utilized to construct a four-dimensional 
pure spinor superstring [31]. The F-field also arises in the regularization prescription proposed 
in [28]. 

The aim of the present paper is to extend the Y-formalism to the non-minimal case and 
to discuss in the framework of this formalism the non-minimal, covariant h field in addition 
to the fields G", , and L"'^^^ which are the building blocks of the h field. This will 

be done not only at the classical but also at the quantum level, by taking into account the 
subtleties of normal ordering. The consistent results which we will get in this article, could be 
regarded as a good check of the consistency of the Y-formalism. Moreover we shall show that 
the non-minimal, covariant h field is cohomologically equivalent to the non-covariant h field 6y, 
improved by the term coming from the non-minimal sector. 

In section 2, wc will review the Y-formalism for the minimal pure spinor formalism. In 
section 3, the operators G", i/"^, K^^t and L°'i^'^^, and their (anti-)commutation relations with 
the BRST charge, will be examined from the quantum-mechanical viewpoint. In section 4, 
we will construct the Y-formalism for the non-minimal pure spinor formalism. In section 5, 
based on the Y-formalism at hand, wc will construct the Lorentz-covariant quantum b ghost, 
which satisfies the defining equation {Q, b} = T. We shall also show that it is cohomologically 
equivalent to the non-covariant b ghost by (improved by the term coming from the non-minimal 
sector). Section 6 is devoted to conclusion and discussions. Some appendices are added. 
Appendix A contains our notation, conventions and useful identities. In Appendix B, we will 
review the normal-ordering prescriptions, the generalized Wick theorem and the rearrangement 
theorem which we will use many times in this article. Finally in Appendix C we give some 
details of the main calculations. 



2 Review of the Y-formalism 

In this section, we start with a brief review of the (minimal) pure spinor formalism of super- 
strings [1], and then explain the Y-formalism [30]. For simplicity, we shall confine ourselves to 
only the left-moving (holomorphic) sector of a closed superstring theory. The generalization to 
the right-moving (anti-holomorphic) sector is straightforward. 
The pure spinor approach is based on the BRST charge 

Q^^dzX^dc,, (2.1) 

and the action 

/ = / d^zil-dX-dXa + PaOe^ - ujJX^), (2.2) 
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where A is a pure spinor 

Ar'^A = 0. (2.3) 

This action is manifestly invariant under (global) super-Poincare transformations. It is easily 
shown that the action / is also invariant under the BRST transformation generated by the 
BRST charge Q which is nilpotent owing to the pure spinor condition (2.3). Notice that in 
order to use Q as BRST charge it is implicit that the pure spinor condition is required to vanish 
in a strong sense. 

Moreover, the action / is invariant under the a;-symmetry 

Suj„ = Aa(r'^A)«, (2.4) 

where A" are local gauge parameters. At the classical level the ghost current is 

Jo = uX, (2.5) 

and the Lorentz current for the ghost sector is given by 

N^b = ^uF'^^X, (2.6) 

which together with Tqx = ujdX are the only super-Poincare covariant bilinear fields involving uj 
and gauge invariant under the a;-symmetry. Prom the field equations it follows that p, 9, oj and 
A are holomorphic fields. At the quantum level, one obtains the following OPE's ^ involving 
the superspace coordinates = (AT",^") and their super-Poincare covariant momenta Pm — 

(Ha, Pa): 

<X<^{y)X\z)> = -r;«Mog(y-z), 

<Pa{y)0^z)> = -^5i, (2.7) 
y - z 



so that 



where 



y - z 

<dMm^)> = -^{r'^d9Uz), (2.8) 

y- z 



da = Pa-\idX''+^9r^d9)ira9)a, 

n" = dX" + -9^09, 

n" = BX"" + -9^89. (2.9) 



^According to Appendix B, we should call them not the OPE's but the contractions, but we have called 
'OPE's" since the terminology is usually used in the references of the pure spinor formulation. 
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As for the ghost sector, the situation is a bit more comphcated owing to the pure spinor 
condition (2.3). Namely, it would be inconsistent to assume a free field OPE between uj and 
A. The reason is that since the pure spinor condition must vanish identically, not all the 
components of A are independent: solving the condition, five of them are expressed nonlinearly 
in terms of the others. Accordingly, five components of uj are pure gauge. 

This problem is nicely resolved by introducing the Y-formahsm. Let us first define the 
non-covariant object 

y„ = ^. (2.10) 

such that 

y,A- = 1, (2.11) 

where Va is a constant pure spinor YV^Y = 0. Then it is useful to define the projector 

^ = l(r«A)„(Fr„)/^, (2.12) 

which, since TrK — 5, projects on a 5 dimensional subspace of the 16 dimensional spinor space 
in ten dimensions. The orthogonal projector is {1 — K)^ ^ . Now the pure spinor condition 
implies 

A"X„ ^ = 0. (2.13) 

Since K projects on a 5 dimensional subspace, Eq. (2.13) is a simple way to understand why 
a pure spinor has eleven independent components. 

Then we postulate the following OPE between to and A: 

< ioM^^{z) >= -l-(5f - ^{z)). (2.14) 

It follows from Eq. (2.14) that the OPE between to and the pure spinor condition vanishes 
identically. Moreover, the BRST charge Q is then strictly nilpotent even acting on uj. It is 
useful to notice that, with the help of the projector one can obtain a non-covariant but 
gauge-invariant antighost uj defined as 

uj^^{l- K)^ ^ujp. (2.15) 

In the framework of this formahsm one can compute [30] the OPE's among the ghost 
current, Lorentz current and stress energy tensor and one can obtain the quantum version of 
these operators. Indeed, it has been shown in [30] that all the non-covariant, Y-dependent 
contributions in the r.h.s. of the OPE's among these operators disappear if the stress energy 
tensor, the Lorentz current for the ghost sector, and the ghost current at the quantum level, 
are improved by Y-dependent correction terms, those are 

= -In'^Ha-d^ar +a;«9A" + ^a(YaA), (2.16) 
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AT"'' = - 
2 



2 



(2.17) 



J ^cuX + ^YdX. (2.18) 
Then the OPE's among T, A^"'' and J read 

< T(y)r(.) >= J^n^) + (2-19) 

< T{y)J{z) >= + ^^-^J{z) + -^dJ{z), (2.20) 

- zY {y-zy y-z 

< T{y)N''\z) —^N''\z) + ^— aAr»^(z), (2.21) 
{y-zy y-z 

<J{y)J{z)>^-j^^^, (2.22) 
< J(y)A^"^(z) >= 0, (2.23) 

< N"'Hy)N'"^iz) >= ^ ,^ ?7'^'V'' ^(?y«['^Ar'^^ - Ty^I^A^'^]"), (2.24) 

{y-zy y-z 

which are in full agreement with [1, 3]. Note that although the correction terms in the currents 
depend on the non-covariant Y-field explicitly, these can be rewritten as BRST-exact terms. 

Now a remark is in order. It appears at first sight that, due to the correction terms, the 
operators J, N"^ and T are singular at vA = but the opposite is in fact true: it is clear from 
Eqs. (2.19)-(2.24) that the ^-dependent correction terms have just the role of cancelling the 
singularites which are present in the operators Tq, Nq^ and Jq, owing to the singular nature of 
the OPE (2.14) between uj and A. ^ 

It will be convenient to rewrite (2.17), (2.18) and Tx as 

N"^ = ]- [QF^^A - 2yr"^9A] , (2.25) 
J = nX + 2YdX, (2.26) 



^ As anticipated in the notation , we will append a suffix " 0" when wc refer to compound fields at the classical 
level, that is, given in terms of To, ^o'' and Jo, and we will reserve the notation without suffix "0" in denoting 
the corresponding quantities at the quantum level, given in terms of T, iV"'' and J. 
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Ta = QdX + 3dYdX + ^Yd^X, 



(2.27) 



where we have introduced the quantity 

^a = ^a- \dY^- (2.28) 

The Y-formahsm explained thus far is also useful to deal with the h field which plays an 
important role in computing higher loop amplitudes. Its main property is 

{Q,6(z)} = T(z), (2.29) 

where T is the stress energy tensor. Since in the pure spinor formulation the reparametrization 
ghosts do not exist, h must be a composite field. Moreover, since the h ghost has ghost number 
— 1 and the covariant fields, which include uj^ and are gauge invariant under the tj-symmetry, 
always have ghost number zero or positive, one must use Y^. (which also has ghost number — 1) 
to construct the h ghost. Therefore h is not super- Poincare invariant. The h ghost has been 
constructed for the first time in [3] in the U(5)-formalism in such a way that it satisfies Eq. 
(2.29). In the Y- formalism at hand, at the classical level it takes the form 

6oy = ^n«rr„d + a;(l - K)dQ = Y^G'^, (2.30) 

where 

= ^n„(r«ci)" - -^N^\Va^der - ^ Jo^r. (2.31) 

The last equality in (2.30) follows from the identity (A. 3). The expression of by at the quantum 
level will be derived in section 5. 

The non-covariance of by is not dangerous since, as we shall show in section 5, the Lorentz 
variation of by (or of its improvement at the non-minimal level) is BRST-exact. However, this 
operator cannot be accepted as insertion to compute higher loop amplitudes. Indeed, contrary 
to the operators T, A^"^ and J, it has a true singularity at fA = of the form {vX)~^. The point 
is that there exists an operator ^ = Y9, singular with a pole at vX — > 0, such that {Q, ^} = 1 
and the cohomology would become trivial if this operator is allowed in the Hilbert space, since 
for any closed operator V,V — {Qi^V}. Then, for consistency, operators singular at — > 
must be excluded from the Hilbert space. 



3 Fundamental operators and normal-ordering effects 

When we attempt to construct a b ghost covariantly, either a picture-raised b ghost [14, 30] or 
a covariant b ghost in the framework of the non- minimal approach [27], we encounter several 
fundamental operators, G", K"^^^ and L"^^^ [14, 30], which are a generalization of the 

constraints introduced by Siegel some time ago in [32]. Thus, in this section, we will consider 
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those operators in order. We will pay a special attention to a consistent treatment of the 
normal-ordering effects. 

Let us notice that in addition to G", the totally antisymmetrized operators H^'^^\ and 
jJap-yS] ^YiQ more fundamental objects and are of particular interest since they are involved 
in the construction of the h field in the non-minimal formulation. At the classical level, is 
defined in (2.31) and H^'^^\ /fl^^^l and LI"^^''] are given by 



4"^' = ^r:f,(rfr«''^d + 24<n^), 

T^[aM] _ 1 p[a/3/pa 7X7] M^c 

U""""'' = -^{V^.^t^iV^'^r'^Nl'^N.ae. (3.1) 



They satisfy the following recursive relations: 
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^[a^^75p] _ 0^ (32) 

which one can verify easily. The full fields Hf, Kf^ and if'^^ which are involved in the 
construction of the picture-raised b ghost, can be obtained by adding new terms symmetric 
with respect to at least a couple of adjacent indices, and they satisfy the recursive relations 

[Q,Hf] = A"G^ + .-., 
{Q,Kf^} = A"i/o^^ + ---, 

ya^PlSp ^ 0+---, (3.3) 

where the dots denote 'Ti-traceless terms", i.e. terms that vanish if saturated with a r"*"*+i 
between two adjacent indices. The fields H^^ , Kq^'^ and Lq^'^^ are defined modulo Fi-traceless 
terms. 

In this section we wish to discuss these operators and their recursive relations at the quantum 
level. A remark is in order. At the quantum level, in dealing with holomorphic operators 
composed of fields with singular OPE's, a normal-ordering prescription is needed for their 
definition. As a rule, for the normal ordering of two operators A and B we shall adopt in 
this paper the generalized normal-ordering prescription, denoted by {AB) in [33] since it is 
convenient in carrying out explicit calculations. As explained in Appendix B, this prescription 
consists in subtracting the singular poles, evaluated at the point of the second entry and it is 
given by the contour integration 

iABMz) = / -^Aiw)B{z). (3.4) 

Jz W — Z 
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Often, for simplicity, in dealing with this prescription the outermost parenthesis is suppressed 
and the normal ordering is taken from the right so that, in general, v4iA2^3---^n means 

(A(A2(A3(---A„) •••))). 

A different prescription denoted as : AB :, that we shall call "improved", consists in sub- 
tracting the full contraction < A{y)B{z) >, included a possible finite term, as computed from 
the canonical OPE's (2.7) and (2.14). In many cases the two prescriptions coincide but when 
they are different, it happens, as we shall see, that the final results look more natural if expressed 
in the improved prescription. 



3.1 

is obtained from (2.31) by replacing A^q^ and Jq with N"''^ and J as defined in Eqs. (2.17) 
and (2.18) and adding a normal-ordering term parametrized by a constant ci 

Qa ^ ln"(r„c/)"-^Ar„6(r"^9e)"-^jar + cia2r 

= C^ + G^ + G^ + C^. (3.5) 

The constant Ci will be determined from the requirement that should be a primary field 
of conformal weight 2. Then we have to compute the OPE < T{y)G"{z) >. The three terms 
= |n«(r„d)'*, G^ = -|A^„b(r«^a^)" and Gf = -\Jd9'^ are all products of two operators of 
conformal weight 1 so that their OPE's with the stress energy tensor can be easily calculated. 
One finds that only Gg is a primary field. G" has a triple pole with residuum —586°' and G3 
has a triple pole with residuum —289". Moreover, the normal-ordering term G^ = Ci8^6°' also 
has a triple pole with residuum 2ci89'^. Therefore, putting them together, one has 

< T{y)G'^{z) -5 -2 + 2ci ^^ ^ —^G'^{z) + -^dG'^{z). (3.6) 

[y - zY [y-zy y-z 

Hence, the requirement that G" must be a primary field of conformal weight 2 is satisfied when 
we select the constant Ci to be |. 

In spite of the appearance, it turns out that this figure is in agreement with the result of [14] 
where the value — | is indicated as the coefficient in front of the normal-ordering term d'^9"' in 
G". The difference is an artifact of the different normal-ordering prescriptions, the generahzed 
normal-ordering prescription in (3.5) and the improved one. Whereas the two prescriptions 
coincide for G2 and G3, there appears a difference in G". Indeed, since 

m^)daiz) = ^^-l-^[{r^9Uz) - {T^9Ux)] 

- lJ—(T^d9Ux)+ : U'^{z)d^{z) :+•••, (3.7) 
2 X — z 

we obtain 

liU^Tadr) = -^a^r + ^ : nX : - (3.8) 
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Substituting this result into Eq. (3.5), setting ci = |, we have 

Qa ^. in«(r„d)" : —Nabir^'^dey - ^ jsr - ^a^r, (3.9) 

^ 

which precisely coincides with the expression given in [14]. 

Next, we want to derive the quantum counterpart of the first (classical) recursive relations in 
(3.2) and, for that, we need to compute {Q, G"}. In doing this calculation, one must be careful 
to deal with the order of the factors in the terms coming from the (anti)commutator among 
Q and and use repeatedly the rearrangement theorem, reviewed in Appendix B, in order 
to recover the operator A"T. The details of this calculation are presented in Appendix C. As 
expected from the covariance of {Q, G"}, the terms involving Y, coming from the rearrangement 
procedure, cancel exactly those coming from the F-dependent correction terms of the operators 
A'""^ and J (see (2.17) and (2.18)) present in the definition of G". The final result is 



{Q, G"} = A"T - ^a^A". (3.10) 

The normal-ordering term — |9^A" in (3.10) might appear to be strange at first sight, but it is 
indeed quite reasonable. The point is that it is not A"T but A^T — |5^A" that is a primary 
field of conformal weight 2 when we take account of the normal-ordering effects. In fact, since 

< rMT(.) >. ^ ^ J-^, (3.11) 
y-z y-z 

< T{y){\°'T){z) > has a triple pole with residuum +d^X, and ^d^X has the same triple pole, it 
follows that 

is a BRST-closed primary operator of conformal weight 2. From now on, it is convenient to 
define 

G" = + ^d^e"", (3.13) 

so that (3.10) becomes 

{Q, G"} = A"T. (3.14) 

Now we would like to study the operator A"G^, that is expected to arise in the quantum 
counterpart of the second recursive relations in (3.2). As before, A"G^ is not primary since 

< X°'{y)G^{z) > is different from zero. Indeed, 

< X'^{y)G^{z) >^ (3.15) 
y z 
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where 

Rf = -arA^ + ^rf (a6'r"A). (3.16) 

Note that since dX^dO^ is also primary, there is an ambiguity in defining a primary operator, 
say i?2^, associated to X^G^. Given (3.16), for the symmetric one, one has 



B. 



(a/3) 



2 



Lrf[{xr^G) + Idixvde) + c+(9Ar»9e)], (3.17) 



while, for the antisymmetric one, one has 

_ ^[a^^] ^ i^(^[«5^/3]) + c^dX^^^dO^l (3.18) 

Let us remark that A'^G^ is not BRST-closed. Indeed {Q, A"G^} = X'X^T- \X'^d'^Xf^. Whereas 
(A[«(A'^lT)) = (r(A["A'51)) = 0, one has ((A°r^^(AV)) = (r(Ar"A)) - 2{XV''d'^X). Therefore 

the requirement that S^"^-* and 5^"^' are BRST-closed implies c+ = — | and c_ = — | so that 

B^"^) = l-rfixvG + 1 Ar^a^^ + a(Ar"a6')] , (3.19) 

3.2 i/"^ 

A minimal choice for H°'^ is 

_ ^^M^ (3.21) 

where 

_ ^r^/3(iv'^^'nb - - jn" + ca^n"), (3.22) 

M = -Lr;^f^(l(ir«^-d + 6A^»^n"). (3.23) 

First, we shall evaluate < T{y)H'^'^{z) > in order to fix the normal-ordering term. Wc can 
easily show that i^I^'^l and the first term in H^'^^^ are primary fields whereas — ■^r^'^jn" and 
Y|r"^(9n" have a triple pole with residua — 4j|^r^^n" and 2c2JqT'^^II"' , respectively. Thus, we 
obtain 
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thereby taking C2 = 2 makes if"^ a primary field of conformal weight 2. This value agrees with 
the value in the Berkovits' paper [14]. Next, we wish to evaluate [Q,H°'^]: 



1 



1 1 



and 



- ^j(Ar«9e) + c29(Ar»a^)l, (3.25) 



+ sixr^^d)^ + 6N^\xrde) + 2c3(aAr"''^5^)] . (3.26) 

Then, after some algebra and taking into account the normal-ordering terms by the rearrange- 
ment formula, we get for the symmetric part of H°'^ 

[Q, f/M)] = LrfixT^'G + ^xT^d^e + dixr^oe)] , (3.27) 

16 2 
and for the more interesting antisymmetric part 

//[a/3] 

[Q, //["/^l] = At^G'^] + iA["a'6"^] = At-^G^], (3.28) 

in agreement with (3.19) and (3.20). Notice that the F-dcpcndent contributions coming from 
rearrangement theorem cancel exactly those coming from the definitions (2.17) and (2.18) of 
A^"^ and J (For details see Appendix C). 

Since the term +c}(Ar"c)^) in (3.27) is the BRST variation of 511", (3.27) can be rewritten 

as 

[g, ^("^)] = — rf [Ar^G + \xv''d'^Q\, (3.29) 

where we have defined as = i^^"'^) - ^r^'fdU^. 

lb 0, 

Now let us consider the composite operator X°'H^^. Since H°'^ has conformal weight 2 but 
its contraction with A° does not vanish, one can expect that X°'H^'^ is not primary. Actually, 
using the fact 

< X''{y)Hl^^{z) >= il^^, (3.30) 

y - z 

with R^^^ being given by 

= -^rf^[(r^A)"n, - A«n«] - ^^S,(r^A)"^^ (3.31) 

it turns out that a primary field of conformal weight 2 related to X"H^^ is 

Bf" = A"i/^^ + ldRf\ (3.32) 
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Again there is an arbitrariness in choosing the primary field related to \°-H^'^ since 9A"n" is 
primary. 

As in previous cases we are especially interested in the antisymmetric part Bi"^^'^^ of B^^^ . 
Since, in D = 10, a field which is totally antisymmetric in its three, spinor-like indices contains 
only the SO{10) irreducible representation (irrep.) 560 and R'^^'^ in Eq. (3.31) does not contain 
such an irrep., it follows that 

4"^^1 = 0, (3.33) 

so that B^^^"'^ simply becomes 

From Eqs. (3.28), (3.15) and (3.16), it is then easy to show that is BRST-closed. 

Indeed, one finds 

= GI^A^A^] + Al"5(A^a6'^]) + a(At"a^^)A^] 

= 0. (3.35) 



3.3 K""^^ 

A covariant expression of K"'^'^ is 



+ — r^^ 

192 " 



192 



(3.36) 



he 



(3.37) 



whereas the totally antisymmetric part is given by 

96 

The term including a constant C3 describes the normal-ordering contribution. As before, we 
will calculate < T{y)K°'^'^(z) > in order to fix the normal-ordering term. One finds that all 
the terms K^'^^ arc primary with conformal weight 2, except K'^^'^' = -^T'^'^^{r°'d)°'J and 
Kf^ = C3^rfT(r«aci)" which have triple poles in their OPE's with T. In fact. 



< T{y)Kf\z) > 

< nv)Kf\z) > 



r(r"ci)"(;2) + 



a/37 



dKf^z), 



192 " (y-z)^' ' ' ' {y-zY - y-z 
192^'^ (y-^)3^' ^ ^ (y-^)^ - • • y-z 



;Kf^{z) + ^— aK5"^^(z). 



(3.38) 
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Therefore, one obtains 

< T{y)K'^f^^{z) i^rf^^^^(r"rf)"(^) + + ^^dR'^'^'iz), (3.39) 

so that the condition of a primary operator of conformal weight 2 requires us to take C3 = —6, 
which is a new result. 

As for {Q, K°'^"'}, we will limit ourselves to considering only the antisymmetric part ifl"^'''] 
of X'^^T 

{Q, = ^r^^f\{{rT'^xy^nd)N'"' + ^(r"ci)^i(Ar''^c^)l . (3.40) 

9d '- 2 

As before, the F-dependent contributions coming from rearrangement theorem are exactly 
cancelled by those coming from the definition (2.17) of A^°*, as expected from the covariance of 
the l.h.s of (3.40). Then from the rearrangement theorem and with a few algebra one gets 

{g,ii'["^^l} = At^i/'^^l (3.41) 

Given that the F-dependent terms are absent, (3.41) can also been argued as follows: coho- 
mology arguments based on Eq. (3.35) and the classical equivalence between {Q,K^"f^"'^} and 
_\ [0^/37] imply {Q, K^°'^^^ = X^°'H^^^+A^^'^"'\ where Ag*^'^' is a primary field of conformal weight 
2 satisfying [Q, Ag*'^''^^] = 0. Then, notice that A^^'^"'^ has ghost number +1 and involves 
and 11" or dU"^ and A". However, using these fields, it is impossible to construct a 560 irrep. of 
5*0(10), so A^^'^"'^ vanishes identically. 

As before, let us construct a primary field of conformal weight 2 from X'^Rf^'^^. We define 
i?f by 

-,0/375 / 



< X'^(y)K^''%z) >= ^ ^, (3.42) 

y-z 



where Rf^' takes the form 



4 

j^apjs ^ ±(ra6^)ar^7(rfe^)5^ 1 (r«''A)"rf^^,(Pd)* 



+ ^[(r"'A)'^(r,rf)^ + sx^^infjri' + ^{T'^'xnr'^dfrll (3.43) 



Provided that we define B^'^'^^ as 



^a/37<5 = ^a^/37<5 + l^i^f (3.44) 



it is easy to get 

< T{y)Bf^\z) >= ^^(z) + -^dB^^-^'iz), (3.45) 

[y z) y z 
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which means that is a primary field of conformal weight 2 as expected. As before, there 

is an arbitrariness in the choice of the primary field related to X°'K^'^^ since the field dX'^dp is 
primary. 

If one considers the completely antisymmetric component B^^'^"'^\ one can notice that, in 
D = 10, a field antisymmetric in its four, spinor-like indices contains only the irreps. 770 and 
1050 which are absent in the expression (3.43) of 4"^^^' so that one obtains 

i?f ^^^^ = 0. (3.46) 

Consequently, we have 

Furthermore, Eq. (3.41) together with (3.33) gives us the equation 

{Q,\^"K'^^^^ ^0. (3.48) 



3.4 L""^^^ 

In this final subsection, we wish to consider L"^''"^. In our previous paper [30], at the classical 
level, the form of L"'^'^^ was fixed to be 

Lf' = -^A"((I;n^[A^((:;r„)^ - ^{T.TAnCuT'Y], (3.49) 

where Cu is defined in (2.15). One subtle point associated with this expression is that Lq^'^^ 
cannot be entirely expressed in terms of N^^ and Jq. However, we have found that the dangerous 
terms involving Cjr"-i"-^"-3a.4, \ cancel exactly in constructing the picture raised b ghost. 

On the other hand, when we consider the totally antisymmetrized part of Lq^"'^ , these 
dangerous terms never appear. In order to show that, let us notice that, given Eq. (3.49), one 
can write: 

^aMi ^ qsa^ ^ -^{cjh.f\){CjK'^''\) - ^A"(d;r")^A^(c:'r„)^ (3.50) 



where we have defined 



CbKfX = ((I^rj^A^ - -^{u;T,Y{T'T,\f. (3.51) 



Then, taking the totally antisymmetrized part of Eq. (3.50) one gets 



^[am ^ _ J_ (^A[a/3^) (cDA^-'l^A) . (3.52) 
48 



Using (3.51) and (A. 3), we can rewrite a;A|,"^lA as 



= k:fc<- (3.53) 
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Hence, we have shown that l!^^'^^^ is in fact expressed by Nq'. 

In order to have a covariant expression for L}-°'P'^^^ , at the quantum level, the classical Lorentz 
generator Nl"^ must be replaced with N^"^ as given in (2.17) so that L'"^''"^! is 

= -^{T,,,t^{T'^''y'^N"^Nae. (3.54) 

From the OPE's < T{;y)N''\z) > and < N''\y)N'"^{z) >, one can easily verify that L'^'^T'^I is a 
covariant, primary field of conformal weight 2. 
At the classical level one has the identities 

_^[a^g75p] ^ 0, (3.55) 

where the last identity follows by noting that L^^^'^^^ is proportional to \^'^{ujVaY{ujVi,)'^{V°'^\Y\ 
Since Lt"'^^^! and AI'L^^t^I are covariant tensors and a possible quantum failure of these identities 
would involve y^, thereby inducing violation of Lorentz covariance, one should expect that these 
identities hold at the quantum level as well. It is worthwhile to verify this result directly as a 
nice check of the consistency of the Y-formalism. 

The quantum counterpart of the former equation in Eq. (3.55) reads 

In this case there are no contributions from the rearrangement theorem and using (3.37) and 
(3.54) one finds that both sides of Eq. (3.56) are equal to ^{Vabc)^'^^{V'"^V^\dV^''\)Nde, thus 
showing that (3.56) is true. It is a little more cumbersome to verify the quantum analog of the 
latter equation in Eq. (3.55), which is given by 

Xi^L'^m ^ 0. (3.57) 

To do that it is convenient to introduce the following notation that extends that in Eq. (3.51): 
if \E'a and $^ are two spinors that (by the conventions which we adopt) belong to the 16 and 
the 16 of S'O(IO), respectively, we define 

*A,[°^^1$ = (*rc)[°^$^l - ^{^V^)^''{V^V^^f\ (3.58) 

Then, from Eqs. (2.17) and (3.54), L^'^^'^^ can be rewritten as 

where 

ATM = Ir^f^A"'' = QAjf^U - 2YK^f^d\, (3.60) 
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and Q is defined in (2.28). 

Using Eqs. (3.59) and (3.60), the l.h.s. of Eq. (3.57) splits in three parts: 



where we have defined 



Xie^fis] ^ A[^(QAf A)(QA^^1^A), 



Xl'Lf^^ = -2fA[^(QAf A)(yA^^1^9A) + A[^(FAf 9A)(QA^'^]'=A)' 



(3.61) 

(3.62) 
(3.63) 



Xlej^fiS] = 4x^-(YAfdX){YA^''^^dX). (3.64) 

To compute the l.h.s. of Eq. (3.57), one must shift the fields Q to the left using the rearrange- 
ment formula. Then 

Xle^fiS] ^ Q^(Q^(A[^(Af A)"(A^'']^A)^)) + "^^^1" + 4"^^"^' , (3.65) 

where Ai, Aq, Bi and Bq are fi- independent, "F-dependent fields. 

The term quadratic in Q in the r.h.s. of Eq. (3.65) vanishes since it contains the factor 
X^'^X^{ThcXy^. An explicit calculation shows that the terms linear in fl in (3.65) and (3.66) 
cancel each other: 

^^^[ea/3751a ^ ^^^i^^^- ^ Q, (3.67) 

and that the sum of the terms of zero-order in Q in (3.65), (3.66) and (3.64) vanishes 

SO that (3.57) is proved. 

The details of this calculation are given in Appendix C. 



4 Y-formalism for the non-minimal pure spinor formal- 
ism 

In this section, we would like to construct the Y-formalism for the non — minimal pure spinor 
formalism which has been recently proposed by Berkovits [27]. Before doing that, we will first 
review the non-minimal pure spinor formalism briefly. The main idea is to add to the flelds 
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involved in the minimal formalism a BRST quartet of fields \a,cu°',ra and in such a way 
that their BRST variations are 5Xa — Tq,, 5ra — 0, 5s" = a)" and to" = 0. Here, Aq, is a 
bosonic field, is a fermionic field, and and s" are the conjugate momenta of Aq and Va, 
respectively. These fields are required to satisfy the pure spinor conditions 

Ar"A = 0, 

ArV = 0. (4.1) 

The action is then obtained by adding to the conventional pure spinor action / in Eq. (2.2), I 
given by the BRST variation of the "gauge fermion" F — — J{sdX) so that 

1^^ = 1 + 1 = J d^zi^dX'^dXa + PaBe'' - uJadX" + s'^dr^ - io'^BK). (4.2) 

In addition to the a;-symmetry Eq. (2.4), due to the conditions Eq. (4.1), this action is invariant 
under new gauge symmetries involving cu and s, 

to" = AW(r"A)"- Ai^)(r"r)", 

5s" = A^2)(r"A)", (4.3) 

where A^^^ and A^^^ are local gauge parameters. Let us note that the conditions Eq. (4.1) and 
these symmetries reduce the independent components of each field in the quartet to eleven com- 
ponents. It is easy to show that the action Inm is invariant under the new BRST transformation 
with BRST charge 

Qnm = jdziX^d^ + Cj^'r^). (4.4) 

Of course the quartet does not contribute to the central charge and has trivial cohomology with 
respect to the (new) BRST charge. 

As a final remark, it is worthwhile to recall that this new formalism can be interpreted 
[27] as a critical topological string with c = 3 and (twisted) N — 2 supersymmetry. Then it 
is possible to apply topological methods to the computation of multiloop amplitudes where a 
suitable regularization factor replaces picture-changing operators to soak up zero modes. The 
covariant h field and the regulator proposed in [27] allow to compute loop amplitudes up to 
g = 2. A more powerful regularization of b that allows to compute loop amplitudes at any g loop 
has been presented in [28]. This regularization is gauge invariant but Lorentz non-covariant 
since it involves the F-field. However, this non-covariance is harmless since the regularized b 
field differs from the covariant one by BRST-exact terms. 

Now we are ready to present the Y-formalism for the non-minimal pure spinor quantization. 
As in Eqs. (2.10) and (2.12), we first introduce the non-covariant object 



and the projector 



r"=3Y, (4.5) 

VA 



K^^lrxriYT^U (4.6) 
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where v"' is a constant pure spinor so that we have 

YVY = 0. (4.7) 

Let us note that the conditions (4.1) lead to relations A^X" ^ = r^K" p — 0, which imply that 
Aq; and ra have respectively eleven independent components. 

Next we postulate the following OPE's among a;", Aq, and Va- 

< u'^{y)Mz) >= ^(5^ - p{z)), (4.8) 

< s'^{y)rp{z) ^(5^ - ^{z)), (4.9) 

< d;"(y)r^(.) >= -^[K'^ p{z){Yr){z) - i(rV)"(^)(Fr„)^(z)], (4.10) 
y - z 2 

< s"{y)M^) 0. (4.11) 

Then, with these OPE's it is easy to check that the OPE's between the conjugate momenta a)" 
and s", and the conditions (4.1) vanish identically: 

<u'^iy)iXT'^X)iz)> = 0, 

< uj"{y){XT''r){z) > = 0, 
<s^iy)C\T^X)iz)> = 0, 

< s''{y){XT\){z) > = 0. (4.12) 

Notice that (4.10) follows for consistency by acting with the BRST charge Qnm on (4.8) (or 
(4.9)). 

Following [27], the only holomorphic currents involving cu and s and gauge invariant under 
(4.3) are: 

• i) the bosonic currents 

Nab = ^{ujTabX- sTabr), 

Jx — CoX — sr, 

T-^ = OdX-sdr, (4.13) 

those are, the Lorentz current, the ghost current and the stress energy tensor of the 
non-minimal fields, respectively. 



19 



ii) the fermionic currents 



1 
2 

S ^ sX 



Sab — 2'^^"^'^' 



5(6) = sd~X. (4.14) 



iii) the doublet 



Jo = rs, 

$0 = i^r. (4-15) 

Using the fundamental OPE's (4.8)-(4.11), one can compute the OPE's among these operators. 
The OPE's of iV"*, and with A and r and the ones among themselves are canonical, 
namely 

1 1 - - 11 

Zy — z Zy — z 

1 - 1 

< J^{y)Xa{z) > = Xa{z), < J-x{y)ra{z) >= ra{z), 

y - z y - z 

< T-^{y)K{z) > = -^dX^{z), < n{y)r^{z) >= ^ar„(z), (4.16) 

y - z y - z 

and 

< Nab{y)Ncd{z) > = ^{Vc[bNa]d-VdlbNa]c){z), 

y z 

< Nab{y)h{z) > = 0, < Nab{y)T-,^{z) >= ^y^^y Nabiz), 

< h{y)h{z) > = 0, < h{y)T-x{z) -^^j^h{z), 

<T-MT-^{z)> = —^T-^[z) + ^dT-^{z). (4.17) 

{y - zy y - z 

Notice that in contrast with the operators T, N""^ and J in (2.16)-(2.18), the operators Nab, 
Tx and Jx do not involve y-correction terms since the y-dependent terms which arise in their 
OPE's are absent or cancel in the combinations (4.13). It is instructive to see exphcitly how 
this cancellation arises. Let us write -/V^^^^ = ^LDTabX and N^l^^ — ^sFabV and consider for 
instance the OPE between Nab = N^^^ - TV^^"^^ and r„. From Eq. (4.9), one obtains 

< Nil'\y)r^{z) ^^(r„,r). + l^(r^F)„(Ar/r„,r). (4.18) 
Zy — z ^y — z 

Then, the second term in the r.h.s. of (4.18) is exactly cancelled by the contribution of the 
OPE < N'^^\y)rci{z) > in terms of Eq. (4.10). As a second example, consider the OPE 



20 



< Nab{y)Ncd{z) >. The double poles coming from < N^^\y)Nl^^\z) > are cancelled by those 
coming from < N^l^\y) N^l^\z) >. As for the simple poles, one has 



< N!,f\y)Nriz) > + < Kriy)N'I'iz) > 
= — ^{vc[bNa]d - Vd[bNa]c) + l[{srabrfY){rrfr,ix) + {sr,arfY){rrfrab\)], (4.i9) 

y z o 

but the terms, which are independent of Nab in the r.h.s. of (4.19), are just cancelled by the 
contributions stemming from — (< Nj^)^'^\y)Nl:^^\z) > + < Nj^J'\y) nI:'^'^\z) >). For all the 
remaining OPE's in both (4.16) and (4.17), the spurious, F-dependent terms are absent or 
cancelled in a similar way. Moreover, the OPE's among S""^, 5* and S(^t>) are regular and those of 
Nab, J\ and 7\ with 5*"^, 5* and S{b) are canonical so that 5'"^, 5' and S{p) are covariant primary 
fields with weight 1 and ghost number 2 with respect to the ghost current J^- Thus, as for Nabi 
and Tx, they do not have to include F-dcpcndcnt corrections. 

The story is completely different for the currents Jr and $. Indeed, using the OPE's (4.8)- 
(4.11), one finds 



(sr). 



< {rs){y)N<^\z) >= ^^^^>^r"'A. 



And since one has 



< {YdX){y)N''\z) >= - 



1 1 



2 {y - zY 



(4.20) 



(4.21) 



the F-dependent term in < Jj.{y)N'^{z) > disappears if one assumes, as definition of at 
quantum level. 



Jr = rs — ZYdX. 

With this definition, the OPE's of Jr with 7V„b, J^, T^^, S°^, S and S^b) read 

11 

< Jr{.y)Jr{z) > 

< Jriy)N-\z) > 

< h{y)Jr{z) > 



(4.22) 



< My)T-x{z 

< Jr{y)S^\z 
< Jr{y)S{z 

< Jr{y)S(p){z 



11 

0, 



> = 



> 



> 



> = 



{y-zr 
{y-zf {y-zY 



gab^ 

s, 

S(b)- 



y 


— z 




1 


y 


— z 




1 



y- z 



(4.23) 
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In particular, note that the coefficient 8 of the double pole in the contraction < Jx{y)Jr{z) > 
emerges from the arithmetic 8 = 11 — 3 where 11 comes from the first term and —3 from the 
second term in (4.22). 

In a similar manner, for $ one has 

< iOr)iy)S^\z) > = -^^^^^r«^^- (4-24) 

Therefore, at quantum level $ must be defined as 

$ = cDr + 3[Ydr - {Yr){YdX)] = ur + 3d{Yr), (4.25) 
in order to avoid spurious F-dependent terms. With this new definition, one can also derive 

< $(|/)iV"^(z) > = 0, 
<<!>{y)Mz)> = 0, 

<^y)Uz)> = 

< <l>(y)S''\z) > = ^— iV"\ 

y — z 



<^y)S{z)> = ^-__^ + -_-J^, 

< $(|/)5(5)(Z) > = + , ^ Jr + ^—n, 



8 1 
{y-zy y-z^ 
11 1 

{y - z)^ {y - zy 

< <^{y)Jr{z) > = ^— (4.26) 
y - z 

The operator $ is part of the BRST current and is a contribution of the b ghost as will be 
seen in the next section. 

From the definitions (4.13) and (4.14), one finds that the operators Nab, J\ a-nd T\ are the 
BRST variations of the operators S"*^, 5", and S'(5), respectively. Moreover, contrary to what 
happens for the operators in (2.16)-(2.18), the correction term of J,, in (4.22) is not BRST-exact 
but its BRST variation is just the correction term for — $ in (4.25), so that $ is just the BRST 
variation of — J^. These properties are fully consistent with the OPE's we have computed thus 
far. ^ 

As a final remark, let us note that in all the derivations of this section (but the second 
equality of (4.25)) we have never used the fact that v in (4.5) is constant and therefore all the 
equations in this section remain true even if one replaces with = ~. 

AA 



^ Apart from a difference in the OPE < <^S > where we find a double pole with residuum 8, not present in 
[27] (perhaps a misprint in [27]), our results agree with those computed in [27] by using the J7(5)-formalism. 
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5 A quantum b ghost in the non-minimal pure spinor 



formahsm 

In Ref. [27], Berkovits has obtained an expression for a covariant b ghost in the framework of 
non — minimal formahsm. His idea was triggered by the observation that in this formahsm the 
non-covariant Ya field can be replaced by a covariant field Aq, (which will be defined soon) and 
then one can look for a new, covariant b ghost satisfying the defining equation 

{Qnm,bnm{z)} = T{z) + T-^{z) = T^m{z), (5.1) 

by starting with bnm — ^aG'^ + s°'dXa H ■ The result, given in [27], is 

bnm = s"aA„ + AaG" - 2 Va^^"^' 

+ 6A^f^r„X["^^] -24A5f^f^fe,L["^T"^l, (5.2) 

where we have defined 



(AA)' 

(5.3) 



(AA) 

Note that A^ and are primary fields of conformal weight with respect to T^m- 

In this section, we will construct a covariant, quantum- mechanical b ghost in the non — minimal 
pure spinor formalism on the basis of our Y-formalism, taking care of normal-ordering effects. 
Furthermore, we shall show that this covariant b ghost is cohomologically equivalent to the 
non-covariant by ghost, improved by the non-minimal term s'^dXa which takes the form at the 
classical level 

boY = YaC^ + s"dXa. (5.4) 
It is now convenient to consider the following operators: 

1 - ~ ~ \ 

^P[a/375] = -r[ar(3f^Xs], 

^ P[al3jSe] = ryafpf^fsXe], (5.5) 



5! 

that satisfy the recursive relations 



[<5nm, Act = X^ P[a(3]i 

{Qnmi P[a0\} = A'''P[q,^^], 

Qnm, PlafS^] = X^ p[ai3^5], 

{Qnm, PiafS-yS]} = X" Plafi^Se] ■ (5-6) 
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Next, let us also recall the results which were obtained in section 3 and hold at the quantum 
level: 

{g,G"} = A"r, 

^[a^/37<5p] ^ 0, (5.7) 

where is defined in (3.13). 

It is also useful to compute the contractions: 



R 



la 



y- z 
R20. 
y- z' 

y- z' 



<n^^^\y)p,,s,,aiz)> = ^^ + ^. (5.8) 
After a simple calculation, it turns out that Ria is given by 

Ria = -2p^ap^[\^{\de) - ]^{T^~\f{\T,dd)l (5.9) 

but the second term in the square bracket vanishes when contracted with p[a/3] due to the con- 
ditions (4.1). As for i?2a, -Rsa, ^ud Riai they all contain (at least) a factor j^r°fp(Ar"^A) = 
AAjf^lA and therefore vanish when contracted with pyi-y-] by taking into account (5.5), (3.58) 
and (4.1). ^ To summarize, we have the following results: 

Ria = -2p[„^]A'3(Aa^?), 

R2a = R-ia = Ria = Ria = 0. (5.10) 

As already noted, the non-minimal h field is expected to be of the form: 

hnm = Sfj,)+\G+---. (5.11) 

The anticommutator of Qnm with Sq,) — sdX is 

{Qnn^,^(f.)}=Tx. (5.12) 



^In R4a, there is also a term proportional to p[ai3'Y5]{^abc)°'^ {^'''^'^V^ {^^"'^^de^) that vanishes for the same 
reason. 
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Now let us compute the anticommutator {Qnm, i^aG°')} 

{Qnm: {KG'')} = U^^T) + (A^P[«^l)G". (5.13) 

Using the rearrangement theorem and some algebra, (5.13) can be rewritten as 

{Qnm, (AaG")} = T + (A'^G") + {Qnm, 0X06 - {XdX)CXde)}. (5.14) 

Here it is of interest to remark that the term dXdO — {XdX){Xd9) that arises in the r.h.s. 
of (5.14) is just the difference between the generalized normal ordering (• • •) in [33] and the 
improved one : • • • : of X^G", that is 

(Ae.G") =: A^G" : +8X89 - CXdX)CXde), (5.15) 

so that (5.14) becomes 

{Qnm, '■ AaG*" :} — T + P[a/3](A^G'"). (5.16) 

With the help of the second recursive equations in (5.6) and (5.7) the last term in the r.h.s. of 
Eq. (5.16) reads 

PlaP](X^^G-^) = PlaP]([Qnm, H^^""^]) 

= {Qnm, PM^/'"^'} - l{piaP,]X^'')H^^y (5.17) 

In this case, the rearrangement theorem does not give extra contributions since 

(p[„^,]A[")if^^] - p[„;3^](A["ff^^l) = i?2,aA^ + dp[^^,]Rl:^''\ (5.18) 
and the r.h.s. vanishes from (5.10) and (3.33) . Therefore, Eq. (5.17) can be rewritten as 

P[«;3](A[^G'"1) = {Qnm,Pla(3]H^''^^} - ^P[a/3^1 (A'^i/'^^l) • (5-19) 

For the last term in the r.h.s. of this equation, one can repeat the same procedure using the 
third recursive equations in (5.6) and (5.7). Again the contributions from the rearrangement 
theorem are absent since they involve the operators R^''^"'^ and R^a that vanish according to 
(3.46) and (5.10). As a result, one obtains 

P[,^,l(A["i/'^^I) = {Qnm,PmK^''^''^ + \{P[am>^^'')K^^'^. (5.20) 

As a last step, one can express the last term in (5.20) in terms of {Qnm, P[aP'yS]L^'''^'''^^} by 
using the fourth recursive equations in (5.6) and (5.7). Again the contributions from the 
rearrangement theorem are absent as before, so we have 

(P[„^,5]A[")K^^^] = -{Qnm, {PiafS,S]L^''^''^)}, (5.21) 
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where we have disregarded the term p^ap-ySe]^^'^ L°'^'^^^ that vanishes according to (3.57). 
Finally, using (5.12) and (5.16)-(5.21) we arrive at the result 



\_Qnm-: bnra\ -^nm; (5.22) 



where 



hnm = s"aA,+ : A^G" : -2(V«)^'"'" 

+ 6(V/3^a)^^"'^^' -24(A5r^r^fa)^'"^^^'. (5.23) 

In conclusion, we have confirmed Eq. (5.2) provided that one interprets the compound field 
AqG" as the operator : AqG*" : which is normal-ordered according to the improved prescription 
(For the other terms in (5.23) the generalized and the improved normal- ordering prescriptions 
coincide). Incidentally, we have also checked that this h^rn possesses conformal weight 2 

It might appear from (5.23) and the definition of A and f that hnm is singular at AA — > 
with poles up to fourth order. However, as explained in [28], this singularity is not dangerous. 
Indeed in this case, the analogous of the operator ^ — Y9 that would trivialize the cohomology, 
is 

AA + rO ^1 (AA)" 

since {Qnm^^nm} = 1- Howcver, ^nrn divcrgcs like (AA)~^^ and to have a nontrivial cohomology 
it is sufficient to exclude from the Hilbert space operators that diverge like or stronger. 
Therefore bnm is allowed as insertion to compute higher loop amplitudes. To do actual calcula- 
tions at more than two loops [28], bnm must be regularized properly. In fact, in [28] a consistent 
regularization has been proposed. 

Now let us come back to the non-covariant b ghost bov in (5.4). As a first step, let us derive 
a quantum counterpart of boy, which is denoted as by- From the first equation in (5.7), one has 

{Q„^,y„G«} = y„(A°r). (5.25) 

Moreover, since 1^(A"T) — {YaX°')T = 2dYdX from the rearrangement theorem, one obtains 

{Qnm, Y^G^ - 2dYde} = T. (5.26) 

As before, the term 2dYd6 is just the difference between (y^^G") and : YaG'^ : and therefore 
the quantum non-covariant b ghost takes the form 

by ^■.Y^G'^ ■.+{sdX), (5.27) 

and it satisfies 

{Qnm, by} — Tnm- (5.28) 



26 



Even if by is non-covariant, its Lorentz variation is BRST-exact. Actually, one has 

SLby = [Qnm, 2(L^y;3K,)i/M] , (5.29) 

where are (global) Lorentz parameters. 

Prom (5.22) and (5.28), it follows that by — bnm is BRST-closed and then it is plausible 
that it is also exact. Indeed in [34], we have shown that, at the classical level, the covariant 
non-minimal b ghost (5.2) and the non-covariant one (5.4) are cohomologically equivalent. In 
this respect, we wish to verify the cohomological equivalence between and by even at the 
quantum level 

hnm^hy + [Qnm,Wl (5.30) 

where 

W = 2{\pY^)H^''^^ + 3!(\f^y«)X[°^^] + AMXsf^fpY^)^''!'^'^ + Wr, (5.31) 

with Wr being a quantum contribution coming from the rearrangement theorem, which will be 
determined later. 

In order to verify (5.30), let us compute the (anti)-commutators of Qnm with the first three 
terms in the r.h.s. of (5.31). We have 

= -2(A^f«)//["'31 - 3!(l[^f„A^])(A^i/"'^) + (A„G") - (y^G") 

+ Rh + Rg, (5.32) 

where Rh and Rq are the contributions coming from the rearrangement theorem of the last 
two terms in the first row of this equation. Then 

3\{Qnm,{yar0X,)K^"^^^} = 3! (f^f^A^)^!"^^] - 4! (F^f^f^A^) (Al^iT"/^^! ) 

+ 3!(y„f^A^)(A["//^^]) + i?x, (5.33) 

where Rk arises from rearrangement theorem. Finally, we have 



4! 



Qnn., {Yaffsf^XsL^''''^'^)] - 4!f„f^f^ A^lI"^^^! + i\{YJ-^f;\s){X^''Kf'^'^) + Rl, (5.34) 



where Rl comes from rearrangement formula. The quantum contributions Rq, Rh, Rk and 
Rl are explicitly given by 

Rg = -[dxde - Cxdx)Cxde) - 2dYde] + 2[q„^, (y;v)w^if ] - ^A^n„, (5.35) 

Rh = nQnm, (Y^rpKW^m'^] - \A%^(drar + ^^&n„, (5.36) 
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(5.37) 



where 



and 



[a/3] 



Rl 



-((y + A)r„)["9A^in", 



w^f''' = ^((F + 2A)r„)[°aA^(r"(i)^i, 

8 

— ((F + 3A)r„)["aA'^Ar^^l", 
12 



1/375] 



R3 



(5.38) 



(5.39) 



Aa 



A'^Ha = A^y[e.rpf,Xs^X\{Y + ?>X)TXdX\ 
Alap = 5!Y[,f^f^f5A,]A^((y + 4A)n^aA^. 



(5.40) 



The y-dependent operators Aq, Ajj^ and A^^^ cancel when (5.35)-(5.38) are summed up. 
As for Bl, it turns out that it is BRST-exact: 



Br = 4! 



Qnm: {Yarpr^Xs)W}i4 



+ 4! 



Qnm,d{{Y^fpf,Xs)W^t'^) 



(5.41) 



where 



W, 



.ja/375] ^ 1 ^ 3X)f{TbMydx^^ - (r^y)["(r''(r + 3A))''(rfe,A)^92A^i 
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+ 3{xr''Y){r\Y + 2X))^"dx^{rj:^xy{TbradX)% 



(5.42) 



and 



w^^t'^ = -^(ry)['^(r''(y + 3A))^[(r;.cA)^aA^i - ^{r^r'^xrir.radxf]. (5.43) 

Some details on the derivations of these results will be given in Appendix C. From (5.15), one 
finds that the term -^A^^ + {XdX)CXde) - 2dYde transforms (A^G") - (FaG") to : XaG" : - : 
FaG" :. 

Collecting Eqs. (5.32)-(5.43), one recovers (5.30) where bnm and by are given in (5.23) and 
(5.27), respectively and 



W = 2CX(sY^){H^''''^ + W^^f^) + 3\CX,r^Y^KK^^^^^ + W, 



■[a/37]^ 
R2 ) 



+ 4!(A5f^f^F„)(L["^^^l + wtS^'^ + Wtr^) + m{(X,f^fpY^)W, 



i?5 J 



(5.44) 
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6 Conclusion 



In this article, using the Y-formahsm [30], we have calculated the normal-ordering contributions 
existing in various composite operators in the pure spinor formalism of superstrings. These 
operators naturally appear when we try to construct a b ghost. Moreover, we have constructed 
the Y-formalism for the non-minimal sector. Using these information, we have presented a 
quantum-mechanical expression of the b ghost, in the non-minimal formulation and we 
have shown, in this case, that the non-covariant b field by and bnm, arc equivalent in cohomology. 

The consistent results we have obtained in this article could be regarded as a consistency 
check of the Y-formalism in the both minimal and non-minimal pure spinor formulation of 
superstrings. 

In the case of the non-minimal formulation, due to its field content and structure, it is 
natural to ask if it is possible to reach a fully covariant system of rules for the OPE's in the 
minimal and non-minimal ghost sectors, by replacing the non-covariant fields Ya and "P" with 
the covariant ones = ^ and = ~, respectively. As for the replacement of with Y°', 
that is of with A" for the non-minimal sector, we do not see any problem, as noted at the 
end of section 4 because and A° are both BRST invariant and all the OPE's among the 
currents of the non-minimal sector remain unchanged. 

On the contrary, a naive, straightforward replacement of Ya with looks problematic. 
Indeed, even if the OPE's among the Lorentz current Nab, the ghost current J, and the stress 
energy tensor T\ of the minimal ghost sector are unchanged, those among these operators and 
that of the non-minimal sector become different from zero, since the correction terms in (2.16)- 
(2.18) now acquire a dependence from A. Therefore the OPE's among the total Lorentz current, 
ghost current and stress energy tensor of the (minimal and non-minimal) ghost sector do not 
close correctly. Moreover, the BRST variation of (2.14) appears to be inconsistent. We cannot 
exclude a possibility that these problems could be overcome by a smart modification of the 
basic OPE's, but it is far from obvious that a consistent modification could be found. Thus, in 
this paper, we have refrained from exploring this possibility further and we hope to come back 
to this question in future. 
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A Notation, Conventions and Useful identities 

In this appendix, we collect our notation, conventions and some useful formulae employed in 
this paper. 
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As usual, in ten space-time dimensions, F" are the Dirac matrices 7" times the charge 
conjugation matrix C, that is, (r")^°^ = (7«C)°'^ and (r«)^„ = {C-^l'')cp\ they are 16 x 
16 symmetric matrices with respect to the spinor indices, and satisfiy the Chfford algebra 
{r", r''} = 27]"-^ . Our metric convention is 77"* = (— , +,■■■,+). 

The square bracket and the brace respectively denote the antisymmetrization and the sym- 
metrization of p indices, normalized with a numerical factor ^ so that, for instance A^^B^,] = 
l{Aij_B„ - A^^Bn). As for the products of T", r"i'""p = r["i'""pl These antisymmetrized 
products of r have definite symmetry properties, which are given by (r"^)° p — — (r"^)/j 

[i- )al3 — — U )0a, (t ) 13 — [i- ) /B , [i- ja/B — ),da, CtC. 

The product of generic spinors fa and can be expanded in terms of the complete set of 
gamma matrices as 

Up = ^Kpif^ag) + Y^KW^abcg) + ^^ry^(/r„,,,e5). (A.i) 

Similarly, for spinors fa and we have 

A useful identity, involving three spinor- like operators Aa, B^ and is 

~(Br^'A)(rabCr - \{BA)c^ = (Bf,A^)c^ - ^{(r^BrA^)(raC)p. (A.3) 

B Normal ordering, the generalized Wick theorem and 
rearrangement theorem 

In this appendix, we explain the prescription of normal ordering, the generalized Wick theorem 
and rearrangement theorem, which are used in this paper. The more detail of them can be seen 
in the texbook of conformal field theory [33]. 

B.l Normal ordering 

In conformal field theory, we usually consider normal ordering for free fields where the OPE 
contains only one singular term with a constant coefiicicnt. Then, normal ordering is defined 
as the subtraction of this singular term. This definition of normal ordering is found to be 
equivalent to the conventional normal ordering in the mode expansion where the annihilation 
operators are placed at the rightmost position. However, we sometimes meet the case for 
which the fields are not free in this sense. One of the well-known examples happens when 
we try to regularize the OPE between two stress enery tensors T{y)T{z). In this case, we 
have two singular terms where one singular term contains the quartic pole whose coefficient is 
proportional to the central charge while the other singular term contains the quadratic pole 
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whose coefficient is not a constant but (2x) stress energy tensor itself. The ususal normal 
ordering prescription amounts to subtraction of the former, most singular term, but the latter 
singular term is still remained. Let us note that in the present context, the OPE between u and 
A is not free owing to the existence of the projection K reflecting the pure spinor constraint. 
From the physical point of view, we want to subtract all the singular terms in the OPE's, so 
we have to generalize the definition of normal ordering. 

To this end, we introduce the generalized normal ordering which is usually denoted by 
parentheses, that is, explicitly, the generalized normal ordering of operators A and B is written 
as {AB) [z) . A definition of the generalized normal ordering is given by the contour integration 
[33] 

{AB){z) = (f -^A{w)B{z). (B.l) 

Jz W — Z 

Then the OPE of A{z) and B{w) is described by 

A{z)B{w) =< A{z)B{w) > +{A{z)B{w)), (B.2) 

where < A{z)B{w) > denotes the contraction containing all the singular terms of the OPE 
and {A{z)B{w)) stands for the complete sequence of regular terms whose explicit forms can be 
extracted from the Taylor expansion of A{z) around w: 

{A{z)B{w)) = E ^-^^^^{d'A . B){w). (B.3) 

Another definition of the generalized normal ordering is provided by the mode expansion. 
If the OPE of A and B is written as 

fe=— oo ^ ' 

where A'" is some positive integer, the definition of the generalized normal ordering reads 

{AB){z)^{AB}o{z). (B.5) 
Incidentally, in this context, the contraction is expressed by 

<A(.)B(«)>-Z^-^. (B.6) 

In this paper, we adopt the definition of the contour integration (B.l). Moreover, for 
simplicity, we do not write explicitly the outermost parenthesis representing the generalized 
normal ordering whenever we can easily judge from the context whether some operators are 
normal-odered or not. 
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B.2 The generalized Wick theorem 



Relating to the generalization of the normal-ordering prescription, we also have to reformulate 
the Wick theorem for interacting fields. In general, the Wick theorem relates the time-ordered 
product to the normal-ordered product of free fields. However, such a relation cannot be 
generalized to interacting fields in a straightforward manner. Hence, the generalized Wick 
theorem is defined by generalizing a special form of the Wick theorem for the contraction of 
free fields. More explicitly, the generalized Wick theorem is simply defined as 

< A{z){BC){w) >= <f -^[< A{z)B{x) > C{w) + B{x) < A{z)C{w) >]. (B.7) 

Jw X — W 

From this definition, it is important to notice that the first regular term of the various OPE's 
always contributes. If we would like to calculate < {BC){z)A{w) >, we first calculate < 
A{z){BC){w) >, then interchange w and z, and finally expand the fields evaluated at z in the 
Taylor series around w. 



B.3 Rearrangement theorem 

We often encounter the situation where many of operators are normal-ordered, e.g., {A{BC)){z). 
With the generalized normal ordering, some complication occurs since there is no associativity 
in such normal-ordered operators 

(AiBCmz) ^ {{AB)C){z). (B.8) 

To deal with normal ordering of such composite operators, we make use of the rearrangement 
theorem. The useful formulae are given by 

{AB) = {BA) + {[A,B]), (B.9) 
{A{BC)) = {B{AC)) + {{[A,B])C), (B.IO) 
{{AB)C) = {A{BC)) + {A{[C,B])) + {{[C,A])B) + {[{AB),C]), (B.ll) 

where A, B, and C are all the Grassmann-even quantities. Note that if the Grassmann-odd 
quantities are involved, wc must change the sign and the commutator in a suitable manner. For 
instance, for the Grassmann-even A and the Grassmann-odd B and C, the last rearrangement 
theorem is modified as 

{{AB)C) = {A{BC)) - {A{{B, C})) - {{[C, A])B) + {{{AB),C}). (B.12) 

In making use of these rearrangement theorems, we are forced to evaluate the generalized 
normal ordering of the (anti-) commutator ([^4, B]). Then, we rely on the useful formula 

= i:^^-^d'^{ABUz). (B.13) 

Note that ficld-dcpcndcnt singular terms contribute to the normal- ordering (anti-)commutator 
while the non-singular term {AB}o does not. In this paper, we make heavy use of these formulae 
in evaluating various normal-ordered products of operators. 
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C Some details about the calculations 



C.l BRST variation of 

To compute the BRST variation of G" it is convenient to use tlie following notation 

= (i?^A")c^-l((rs)"A^)(r„c);3, (C.l) 

where A", Bp, and C' are generic spinors and the last step is the identity (A. 3). Then, given 
(3.5), one has 

{Q, G?} = -^A"(n«n„) + ^{XTadexr'^dr. (c.2) 

Moreover, 

{Q,G^ + G^} = -g''{d,X,d9)+g"{fl,\,d\)-2g"{Y,dX,dX)-{YdX)dX". (C.3) 

The last three terms come from the definitions (2.25) and (2.26) of Ngj, and J. 
Using the rearrangement formula (cf. (B.12)), one has 

g"{d, A, d9) = X"{dde) + 89^ A" + hxTade){r'dy\ (C.4) 

and 

^-(Q, A, aA) = (Q;3A")aA^ - ^((™)«A^)(r„9A);3. (C.5) 
Using the rearrangement theorem, the first term in the r.h.s. of Eq. (C.5) becomes 

{^pX')dX^ = X'{mX) - \{YV''Y{dXVadX) + A", (C.6) 
whereas the second term can be rewritten as 

-^((™)"A'^)(r„aA)^ = -^a2A" + |(Fa2A)A" + (FaA)aA" 

Zi Zj Zj 

+ 3(5raA)A" + 2c/°(r, dx, dx) + ^(yr)"(5Ara5A), (c.7) 

z 

so that from (C.5)- (C.7), one obtains 

g''{n,X,dX) = A"(Qc}A) +45'A'^ + ^(Fa2A)A° 

+ (F(9A)aA" + 3(araA)A" + 2^"(F,<9A,aA). (C.8) 

Adding Eqs. (C.2), (C.3) and {Q,G2} = ci^^A" with ci = | ,taking into account (C.4), 
(C.8) and using the definition (2.16) of the stress energy tensor T, we finally obtain 

{Q, G"} = X^'T - -a^A'*. (C.9) 
2 
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C.2 BRST variation of if"^ 

Now let us consider the BRST variation of if"^. Eq. (3.25) can be rewritten as 



where 



The first term in the r.h.s. of this equation can be rewritten as 



With the notation 



the vector 



becomes 



A«/3 = IdX^'-X^l 
2 



ya ^ N''\xri,de) - -Jixv'de), 

2 



= ^{Qr''r''x){xrbde) - j{xr^de) + 4(yAr"a^) + 4(Fr"Aa^) + 2(aAr"a^) 

The first term in the r.h.s. of (C.15) vanishes modulo a rearrangement contribution 

\{pLV''v^x){xVy,dQ) = -4(yr«Aa6') - 4(yAr«a6') + ^{dxv'dd), 



so that /i" becomes 



^ l(Ar"r6n6d) + 5a(Ar"a^) - j(Ar"a6') 



- 2(8X^80) + 2d{Xr''d0). 

On the other hand, 

Ar^G = hxrTbW'd) + l{xr''d^0) + v\ 

Zi z 

where = -{{XV'N^^T 1,^30) - l^XV^JdS). Then, using (2.25) and (2.26) 

v" = --(Are(Qr»r^A)a6') + -{xvj:i,{nv^v''x)v''d0) - {xr^{nx)d0) 

2 8 

- 4(yr„Aa^) - 4(yAr''a^) + 2(FAr"a^) + (aAr^a^). 
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But the first two terms in the r.h.s. of (C.19) vanish modulo the Y-dependent term 4[(1T"A9^)+ 
{YAV^dO)] — 6(FAr"9^) coming from rearrangement theorem, so that we have 

T/» = -(Ar"(fiA)9^) -4(FAr"a6') + (9Ar"(9^) 

= -j(Ar"a^) + 4a(Ar"a^) -4(Ar"a2^), (c.20) 

and therefore 

XT^G = hxTTbii^d) + lixvd^e) - j(Ara^) - 4(Ar"a^^) + 4a(Ara^). (c.21) 

Then comparing (C.17) with (C.21), one gets Eq. (3.27). 

Next let us consider the BRST variation of ff'^^l Eq. (3.26) can be rewritten as 

[Q,//["^l] = 4rafcfi(Ar"''T%d)+6(AAr«^™) 
yb '-Z 

+ A(xr''^'d''9) + {axv^'de)], (c.22) 

where the last two terms in the r.h.s. of this equation come from normal ordering. 
On the other hand, 

Xr'^bcQ ^ ^{XV'^T'^Udd) + 4(Ar"''^a^^) + 6(AAr[»^rl5^) 

+ 3(Ar/7v/[»r^c]a6') + ^(Ar/rgr^^iv-^»a6') - ^(Ar^^'va^). (c.23) 

Using (2.30), (2.31) and the notation introduced in (C.13) the quantity in the second row of 
(C.23), that is, 

^[abc] ^ +3(Ar/Ar^["r''"]a^) + ^(Ar/r^r^^Tv-^^a^) - ^{XT'^'jae), (c.24) 

can be rewritten as 

^[abc] ^ --(Ar/r['^*(orir^A)a^) + -(Ar/r3r'^''"(fir^r^A)a^) - i2(rr"Ar''"9^) 

2 8 
- 6{YAT''''^d9) + {dXT'''"'de). (C.25) 

On the other hand, by reordering, the sum of the first two, Jl-dependent terms in (C.25) yields 
12(yr"Ar^'^9^) + 6(yAr"^^a^) so that /il"''^] = aAr^^^a^ and (C.23) becomes 

x^abcQ ^ -(XT'^^'T^iidd) + iixr^^^d^e) + 6(AA^i'*^r'=]a^) + (dxr^^'^de). (c.26) 

By comparing (C.22) with (C.26) one gets Eq. (3.28). 
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C.3 BRST variation of i^Tl^^^^J 
Now let us check (3.41). Let us rewrite (3.40) 

{Q, Xl"^^] } = A;["^^l + 4"^^! , (C.27) 



as 



where 



and 



L4^ ' 4 

- ^At"rSi(drt), (C.28) 

^ ^n<i(r«r'^A)["7vfT] 

= Jn,(r«r'^A)["[^(i]Af^iA)-(FAf^]aA)]. (c.29) 

The first term in the r.h.s. of (C.29) can be elaborated as follows: 

4rn<i(r"r'^A)i"(nAf^]A) = -n'^(nr^)["A^(rbrrfA)T] + At'^^^i 

12 8 

= ^n'^A[°(QAfU)+A["^^l + A["^T], (C.30) 

where A^"'^'*^! and A^^'^'^l are the contributions of rearrangement theorem and are given by 

^[a/3T] ^ — n'^ri"f(r"rd5irr^"A)^i 
192 

= ln^(r'^y)["[aA^(r„r^A)^] + (r„r^aA)'^A^i - ^{rfr,d\)f'{T,r''xy^] 

- ^n'^(rdy)["aA^A^], (c.31) 

and 

AM7i ^ ln'^(r^F)[°(aAr/Aj^U). (c.32) 

Therefore, becomes 

^ ln'^A["Arf] + {n''(A['^yAj^iaA) -^nd(r«r'^A)[°(yAfTiaA) 

+ a["''t] + At'^^^l}. (C.33) 

With a little algebra, it is easy to show that the terms in the curly bracket in the r.h.s. of 
(C.33) vanish so that (C.33) becomes 

^ lAl^n'^ATf ]. (C.34) 
Then, (C.27), together with (C.28), (C.34) and (3.23), reproduces Eq. (3.41). 
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C.4 The vanishing of aI^L^^t^-^I 

Now let us consider A'^L"'^'''^! in order to verify that it vanishes. As discussed at the end of 
section 3, it consists of three terms: 

= n^A^l'^^^^^'' + A^^'^^^^\ (C.35) 



Al^Lf ^'^J - + B^^"""^^^ , (C.36) 

and 

= 4x1^ (Y Af dX){Y A^'^^'dX) (C.37) 

where Q^rBi"'^'^^^"^ is 

Q^Q[eaPiS]a _ _4n^A['^(yA|"^^c}A) (A-"^]^A)", (C.38) 

and f^CT^i) ^0 3^iid are rearrangement contributions coming when Q^j is shifted to the left. 
The explicit calculation of fla^l gives 

Q^j^[eaPis]a ^ Q^(Ac[a/3^)<^(9^r/Af A)(r^F)^] + Q^(A^''^^r^y)'^(aAr/Af A) A^l (c.39) 

The first term in the r.h.s. of this equation can be rewritten as m^X^%YA^^^dX){A'y^^''Xy - 
2n^{A''^'^'^Xy(rcYydX^X'^ and the second one as 2fi<,(A^[°^A)'^(rcF)^aA'^A^l so that we have 

^^j^[eaM<^ = 40^A[^(yAf aA)(A^^l'=A)'^. (C.40) 

Then, using (C.38) and (C.40), Eq. (3.67) can be derived. 
As for Aq"^'^^ and Bq"^"'^\ the explicit calculation gives 

^[eap-ysi ^ 1 (f^F) [^(FAf A) (^AF^^A^'^^aA) - -(r^y)[^(FAf aA)(aAr_^A^'^]^A) 

+ ^a((r^y)[^(yAf A)(aAr/A^^i"A)), (c.4i) 

and 

^[6a/375] ^ -2(r^y)[^(yAf aA)(aAr/A^'']'^A) + 4A[^(yAf aA)(yA^'5i'=5A) 

+ 25A[^(yA°^A)(yAT*1^5A) -25(A[^(yAf 5A)(yA^^l^A)), (C.42) 

so that we obtain 

^[ea/375] ^ ^[ea/?!^] ^ \ ^^y) ^'{JAfX) {dXV ^ A^^'^" dX) - - {T^Y) ^'{YAfdX) {dXT fA''^^'' X) 

+ 4A[^(yAf aA) (yA^-'i^aA) + 2aA[^(yAf a) (yA^-^i^aA) 

+ ^9{(r^y)[^(yAf A)(aAr/A^^i'^A)) - 4A[^(yAf aA)(yA^^i'=A)}. (c.43) 
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In order to verify (3.68), one needs three useful identites: 

(r/r)[^(rAf A)(aAryA^'5]^A) = 4A[^(rAf aA)(w'i'=A), (c.44) 



{rfY)^'{YAfX){dXrfA"'^^'dX) = 5X^'{YAfdX)(YA''^^'dX) 

+ WdX^'{YAfX){YA''^^''dX), (C.45) 

(rfY)^'{YAfdX){dXrfA'^^^''X) = 3X^'{YAfdX){YA''^^''dX)+2dX^'{YAfX){YA'^^^''dX).{CA6) 

From the identity (C.44), the derivative term in the last row of the r.h.s. of (C.43) vanishes. 
Then, removing the first two terms in the r.h.s. of (C.43) by means of the two identites (C.45) 
and (C.46), one gets 

^[eaPyS] ^ ^[^aP^S] ^ _4X^-^Y Af dX){Y A^^^'dX) , (C.47) 

which is nothing but Eq. (3.68). In this way, we have succeeded in proving Eq. (3.57). 



C.5 Equivalence in cohomology of 6y and bnm 

As a last remark, let us report briefly about the derivation of the rearrangement terms Rq, Rh, 
Rk, Rl and Bl, which appear at the end of section 5. In particular we shall show that Bl is 
BRST-exact. 

Prom the recipe given in Appendix B.3 and using the OPE (3.15), one can compute Rq — 
CXpY^){X^''Gf^^) - (A^jraAl")^^! with the result 

Rq = -[dXde - CXdX)CXd9) - 2dYde] + Rg, (C.48) 

where 

Rg = Y[o^XfS]{{Y + A)r„)"aA^(Ar"a^). (C.49) 

With the replacement 

Ar'^a^ = [g„^,n'^], (c.50) 

and some simple algebra, Rq can be rewritten as 

Rg = 2[Qnm, {YaXf3)W^Rf^] - ^A^n„, (C.51) 
where is defined in (5.39) and Aq, defined in (5.40), comes from 

^A^n„ = [g„^,i[„A^]((r + A)^„)'^aA^]^^ (c.52) 
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by using a simple algebra. 

In a similar way, Rh is given by 

Rn^—A'^G^a + RH: (C.53) 

where Rh contains the factor (r'^Fall^A)^ which can be replaced by —{Qnm, {T'^dy} and then, 
working as before, one arrives at 



Rh^3\ 

-[a/37] 



Qnm, >[ar^A7]W^«?1 " ^^k(^r„)^ (C.54) 



where VFjjg ^^'i -^^la defined in (5.39) and (5.40), respectively. Moreover, 

RK = \A''Ha{dVX + RK, (C.55) 

where 

= 4![g„^,(l^„r>~,A,])W^if^^l]+A^[,^Ar°/'], (C.56) 

where again H^]^'^'^'^' and A'j^^^^ are defined in (5.39) and (5.40), respectively. 
Now let us move on to Rl which, according to (5.34), is 

Rl = 5\^{Y[,rpr^rsK]X'){N'^^N^'). (C.57) 
With rearrangement formula and using (3.58), Rl becomes 

= 5!^(-2)(X[,^^5,]((r + 4A)AfA)9A^)7V-^ + ^i, (C.58) 

where we have defined K^ajS-ySe] = Yia'f^is^'yrsXe]- (The expression of R^ will be given below.) To 
the first term in the last row of Eq. (C.58), adding and subtracting the term defined by 

^0 = ^{{Yiarfir^rsK]){iY + 4A)Sf A)aAOiV'^"^ (C.59) 
where we have also defined 

ys["/3]A = (fre)["A^] + ^{YTf^{T'T,Xf\ (C.60) 

and 

Ya = Y^ + 4\a, (C.61) 
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it!^ is then reduced to 



Rl = -^A'^KapNf + it:o + Rl. (C.62) 



Here we have introduced the quantity 



Rl = 5!-^(ai?i + i?2 + i?3), (C.63) 
where i?2 and i?3 are defined by 

Rl = ^i[aW5A,]A^(r"y)"(r^y')'^(rfcrA)^[(r„r,aA)^ + 25,^5^^^ 

i?2 = -^Y[af^^f5A,]A^(ry)"(r^r)^5[(r,eA)^aA% 

i?3 = Y[„f;3^r5A,]y(Ar-^F)(r^(2y + 5A))"(r,r^A)^^(r/r55A)^aA^ (c.64) 

It is of importance that R2 and i?3 are all BRST-exact: 

^1 = ^\Qnrn,Y^afpf,M{T''YY{V\Y + ^\)f{V,rXV 
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^ 10 



- 10 



Qnm,y[ar/3r7A5](r^n"(r'(i^ + 3A))^a[(r6,A)^aA''] 
gnn^,i[ar/3f^A5](Ar^y)(P(y + 2A))"(r,r''A)'^(r^r,aA)^aA^ . (c.65) 



On the other hand, by rearrangement theorem, Rq can be rewritten as 
i?o = ^n,(r[«f;3f^f5A,](yEfA)aA^(A"^=A)'^) 

+ ^r[„f^f,f5A,]A^(pf)"aA^(r''r)^(r,r,aA)^. (c.ee) 

The first term in the r.h.s. of (C.66) vanishes and the second one is BRST-exact. Indeed, one 
has 

= \[Qnm.Y^afpf^\5]{V\Y + ?>~\)Y dX^" {V^Yy {V,V M)']- (C.67) 

Eq. (C.62) is just Eq. (5.38) with Bl = Ro + Rl- Then, from Eqs. (C.63), (C.65) and (C.67), 
one can reproduce Eqs. (5.41)-(5.43). 
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